Considering the path-integral approach to the Brownian motion of a particle in a double-well potential, the joint probability for a possible trajectory (path) is a positive de nite functional of the path. In the practically important low temperature or low friction regime, the probability functional is found to comprise dominant contributions from the stationary paths. The corresponding dynamics behaves chaotically, exhibiting intermittency as well as sensitivity to the initial conditions. The rst Lyapunov exponent is found to be positive and the attractor in the phase space to be of fractal structure. 68.35.Fx,74.40.+k,05.45.+b,05.40.+j Typeset using REVT E X 1
A variety of phenomena in physics and other elds can be modeled as Brownian motion in an external potential. 1,2] One particular example is the di usion of adsorbed atoms (adatoms) on solid surfaces. 3] In this case, the problem can be described by a Langevin equation for the adatom, or, equivalently, a Fokker-Planck equation for the distribution function in the phase space. For the 1-D system, analytical solutions in the high and low friction limits have been achieved for the Langevin equation or the equivalent Fokker-Planck equation. 4{9] However, a complete solution to the 1-D system or an analytical solution of the 2-D Langevin equation, particularly in the low friction regime, poses a considerable challenge, set alone the e ects of nite memory in the frictional kernel. In this letter, we present a path integral approach that can be generalized to the 2-D case including memory e ects. We focus on the stationary path approximation and show that this approximation becomes increasing more accurate in the low temperature regime where the existent theoretical techniques become exceedingly demanding in numerical e ort for a reasonable accuracy. The stationary path obeys a set of dynamic (deterministic) equations. It's interesting that this dynamic system possesses chaotic behavior.
Consider a particle moving a double well potential
subject to random force (t) that is gaussian,
where is the frictional coe cient, k B and T are the Boltzmann constant and the temperature respectively. The potential has two minima located at x = d and a barrier V b = V 0 =8 located at x = 0 (see Fig1) . The dynamics of the particle is stochastic and governed by the Langevin equation,
At low temperatures, a typical trajectory of the particle is oscillations in one well, jumping over the barrier, and oscillations in the new well. Since the jumping is thermally acti-vated, the switching from one well to another is random and rare and, consequently, directly simulation of the Langevin dynamics is exponentially time-consuming at a low temperature.
In the path-integral formalism, 10] the joint probability P x(t)] for the particle to take a particular path x(t) during (t 0 ; t f ) is 11]
The joint probability for the particle to be in (x 0 ; v 0 ) at t = t 0 and in (x f ; v f ) at t = t f is the following path (functional) integral
The integrand functional, albeit rather complicated in general, is positive-de nite and, thus, the numerical implementation of Eq. (5) increases as the temperature is lowered or the friction is reduced. Therefore the stationary path approximation to the path integral in Eq.(6) becomes exponentially more accurate going into the low temperature regime. Furthermore, a partial integration in the functional integrand simpli es Eq. 
Here the step function (z) = 1 when z 0 and (z) = 0 when z < 0. Numerical integration of Eqs. (10) and (11) In Fig.2 and Fig.3 , we illustrate the long time behavior of the stationary path x(t). Evidently, switching between the two potential wells is random and intermittency plays its role. In Fig.4 , the trajectory is plotted in the phase space and the attractor in the x ? v plane clearly shows fractal structure. 12] In summary, we have presented a path integral approach to the Brownian motion in a double-well potential and discussed its stationary path approximation. A preliminary study of the stationary path shows that the dynamics involved is chaotic in nature. This makes an interesting connection between the chaotic (random) behavior of the deterministic dynamics and the stochastic processes that are explicitly random. 13] This new connection established here is general in nature and calls for further investigations. The connection should not be limited to double-well potential and, instead, the conclusion drawn here applies to periodic potential and other forms of multiple-well potentials. Finally, the dynamic system in Eq. (10) and Eq.(11) is interesting in its own right and worthy of much more attention. 
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